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Abstract. Modern cyber-physical systems are complex, and require-
ments are often written in Signal Temporal Logic (STL). Writing the 
right STL is difficult in practice; engineers benefit from concrete execu-
tions that illustrate what a specification actually admits. Trace synthesis 
addresses this need, but a single witness rarely suffices to understand 
intent or explore edge cases—diverse satisfying behaviors are far more 
informative. We introduce diversified trace synthesis: the automatic gen-
eration of sets of behaviorally diverse traces that satisfy a given STL 
formula. Building on a MILP encoding of STL and system model, we
formalize three complementary diversification objectives—Boolean dis-
tance, random Boolean distance, and value distance—all captured by an
objective function and solved iteratively. We implement these ideas in
STLts-Div, a lightweight Python tool that integrates with Gurobi.

Keywords: Cyber-Physical Systems · Signal Temporal Logic · Trace
Synthesis

1 Introduction 

Cyber-physical systems (CPS) underpin safety-critical applications such as air-
craft collision-avoidance protocols [23], aerospace [2], and pacemakers [24]. 
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Ensuring their reliability is essential, yet formal verification is challenging due to 
hybrid/nonlinear dynamics, continuous state spaces, and environmental uncer-
tainty. As a result, full verification is often infeasible in practice.

Trace synthesis offers a pragmatic alternative: instead of proving properties 
for all behaviors, it constructs concrete executions that satisfy (or violate) a 
given temporal specification, p roviding actionable artifacts for testing and anal-
ysis. As a dual to model checking [20], trace synthesis has been realized via
SMT encodings [3], optimization-based falsification [8], and—more recently— 
mixed-integer linear programming (MILP) encodings that capture both Signal 
Temporal Logic (STL) constraints and plant dynamics [20]. These approaches 
generate informative scenarios and counterexamples while interfacing n aturally
with simulators and models.

However, a single satisfying trace is often insufficient—for example, when val-
idating whether an STL requirement truly captures the intent of the engineer. A 
set of behaviorally diverse traces that illuminate different ways the specification 
can be met is required. In this work we study diversified trace synthesis from
STL, aiming to generate traces that satisfy the specification while exhibiting
sufficient diversity.

We address this problem with STLts-Div, a tool that synthesizes sets of 
diverse traces for a given system model .M and STL specification . ϕ. STLts-Div 
builds on the MILP-based synthesis framework of [20]. We introduce three com-
plementary diversity objectives—Boolean distance (BD), randomized Boolean 
distance (RBD), and value distance (VD)—and encode them as MILP objec-
tives. We adopt the MILP setting because its numeric decision variables allow 
these objectives to b e integrated directly, whereas propositional SMT encodings
do not readily support summing/counting of truth assignments (see Remark 2). 

Contributions and Organization. We summarize our contributions as below.

– We formulate the problem of diversified trace synthesis for STL.
– We propose three diversity objectives (BD, RBD, VD) and provide MILP 

objective function encodings compatible with [20]. 
– We implement these ideas in STLts-Div, a Python package, and evaluate 

them on benchmark suites, demonstrating substan tially higher diversity than
a solution-pool baseline.

Section 2 reviews STL preliminaries and states the problem. Section 3 recaps 
the MILP encoding of [20], which underpins our approach. Section 4 formalizes 
three diversity objectives and presents our MILP-based synthesis procedures.
Section 5 demonstrates the STLts-Div tool. Section 6 reports experiments eval-
uating effectiveness and efficiency. We conclude in Sect. 7. 

Related Work. Signal Temporal Logic is widely used for specifying CPS behav-
iors. Prior work spans controller synthesis [6,17,18,21], runtime/online monitor-
ing [22,25], and trace synthesis/falsification [3,20], among others. The choice of 
technique depends on the task: for continuous-time control, Lyapunov/barrier-
based methods synthesize controllers that enforce STL constraints [13]; for 
bounded model checking, SMT encodings search for a time partition witnessing
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satisfaction [3]; and recent MILP encodings support trace synthesis by jointly 
searching over signal values and a .δ-stable partition (see Sect. 3)  [20]. Existing 
approaches, however, typically return one satisfying execution. In contrast, we 
target the multi-trace setting and synthesize sets o f behaviorally diverse traces
for a fixed model and STL formula.

2 Preliminaries 

Let . N, . R,  and .R≥0 denote the sets of natural numbers, real numbers, and non-
negative real numbers, respectively. Let .B = ,⊥} denote the Boolean domain. 
For a set . X, we write .℘(X) for its power set and .|X| for its cardinality. An 
interval is any subset of .R≥0 of the form .(a, b), (a, b], [a, b), or .[a, c], where . a < b
and .a ≤ c. 

Signal. Let .T > 0 and .V be a finite set of variables. A signal over .V with time 
horizon .T is a function .σ : [0, T ] → R

|V |.  We  l  et .SignalTV denote the set of all 
such signals; when .T is clear from the context we write .SignalV .  F  or . v ∈ V
we write .σ(t)(v) for the value of the variable . v in . σ at time . t. We extend any
.σ ∈ SignalTV to .t > T by setting .σ(t) := σ(T ) for all .t > T . 

For a signal . σ and .t ≥ 0,  the .t-postfix is the signal .σt defined b y . σt(t ) :=
σ(t + t ).  The .t-postfix is the basis for defining the STL semantics (see [11]). 

System model. Let .V and .V be the input and output variable sets. A sys-
tem model .M from .V to .V with a time horizon .T is a (possibly n ondeter-
ministic) map .M : SignalTV → ℘(SignalTV ). The trace set of .M is . L(M) :=

τ∈SignalT
V

M(τ), i.e., the set of all output signals under any input . τ . 

Example 1 (Single-lane car). Consider a car moving in a single lane whose 
dynamics a re given by the ordinary differential equation (ODE)

.ẋ = v, v̇ = a, (1) 

where . x, . v and . a denote position, velocity and acceleration, r espectively.
We formalize this system as .Mcar with input variables . V = {a, vinit, xinit}

and output variables .V = {a, v, x}. Here, the acceleration . a changes over time; 
the initial velocity and position .vinit, xinit change as well but only their initial
values .τ(0)(vinit), τ(0)(xinit) matter. Given an input signal . τ , the mo del yields
.Mcar(τ) = {σ}, where . σ is determined by Eq. (1): .σ(t)(a) = τ(t)(a), . σ(t)(v) =
τ(0)(vinit) + t

0
τ(θ)(a)dθ, .σ(t)(x) = τ(0)(xinit) + t

0
σ(θ)(v)dθ. 

2.1 Signal Temporal L ogic (STL)

We use the standard syntax and semantics of STL [14,20]. We present some 
basic definitions for the record.

In STL, an atomic proposition over a variable set .V is represented a s . p :≡
(πp( ) ≥ 0), where .πp : R

|V | → R maps a valuation . ∈ R
|V | of variables in
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.V to a real value. In this work, we restrict atten tion to linear (affine) atomic
propositions, i.e.,.πp( ) = a + c with .a ∈ R

|V | and .c ∈ R. This syntactic 
restriction enables an MILP enco ding of STL formulas.

Any STL formula has an equivalent negation normal form (NNF) [9], in 
which negations appear only adjacent to atomic propositions. We assume all 
STL formulas are in NNF in this work. The syntax of STL is as follows:

. ϕ : p | ¬p | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ϕ1 UI ϕ2 | ϕ1 RI ϕ2,

where . I is a nonsingular closed time interval, and .UI and .RI are temporal 
operators until and release, respectively. The eventually and always operators
are syntactic sugars defined as .♦I ϕ = I ϕ, . I ϕ = ⊥ RI ϕ.  The  set  of  a  ll
subformulas of . ϕ is denoted b y .Sub(ϕ). 

The Boolean semantics .σ ϕ and robust semantics . [[σ, ϕ]] ∈ R ∪ {+∞,−∞}
of STL are standard. Details can be found in the Appendix A of [11]. 

2.2 Finite Variabilit y

Finite variability is a standard assumption used to make STL model checking 
and synthesis tractable in practice (see, e.g., [12,15]). In particular, without such 
a restriction the full (unbounded) STL model-chec king problem is EXPSPACE-
complete [1]; adopting finite variability permits efficient bounded analyses, which 
w e also assume in this work.

Definition 1 (finite variability [16]). A Boolean signal .q : R≥0 → B has 
.N -bounded variability if there exists a collection .P = {Ji}N

i=1 of nonempty, 
pairwise disjoint intervals with .

N
i=1 Ji = R≥0 such that . q is constant o n every

.Ji ∈ P. 

Intuitively, .N -bounded variability means that the Boolean signal can c hange
its value at most .N − 1 times ove r .R≥0. We say that a signal . σ has .N -bounded 
variability with respect to an STL formula . ϕ if the Boolean signal . t (σt ϕ)
has the .N -bounded variability. Moreover, . σ has hereditary N-bounded v ariability
(abbreviated .N -HBV) with respect to . ϕ if . σ has .N -bounded variability with 
respect to every subformula .ψ ∈ Sub(ϕ). 

We recall the bounded STL trace synthesis problem from [20]: 

Problem 1. Given  an  STL  formula . ϕ (over . V ), a system model .M (from .V to 
. V ) with time horizon . T , and a variability bound .N ∈ N, find a trace . σ ∈ L(M)
such that i) . σ has the .N -HBV with respect to . ϕ and ii) .σ ϕ holds, or prove 
such . σ does not e xist.

In this paper we study a diversity-aware variant of the above problem: instead 
of returning an arbitrary satisfying trace, we generate a s et of traces that are
mutually diverse, i.e., sufficiently distinct under a suitable notion of difference.

Formalizing diversity is nontrivial: it can be quantified in multiple, funda-
mentally different ways. In Sect. 4 we discuss this issue and present three distinct 
methods for measuring and enforcing diversity in MILP-based synthesis.
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3 MILP-Based Trace Synthesis 

We recall the MILP-based trace synthesis workflow in [20]. The key idea, o rigi-
nally from [3], is to partition the time horizon into time intervals, with respect 
to the truth values of relev ant STL formulas. The partition should be such that

– it ensures interval-wise constancy : the truth value of each subformula . ψ ∈
Sub(ϕ) remains constant on each i nterval;

– it is MILP-encodable: it avoids strict inequalities (. <), since MILP solvers 
cannot distinguish .< from .≤ and only support non-strict ones (. ≤)  [10]. 

The original SMT-based approach [3] partitions the horizon into alternat-
ing singleton and open intervals, i.e.,.. . . , (γi−1, γi), {γi}, (γi, γi+1), . . . .  How-
ever, this scheme requires .< to distinguish open and closed intervals and 
is therefore not MILP-encodable. To address this, we use closed intervals
.. . . , [γi−1, γi], [γi, γi+1], . . . to partition the horizon.

Closed intervals can be expressed only using . ≤; but they have overlaps (at . γi). 
This overlap creates ambiguity for the previous notion of interval-wise constancy, 
which requires that a subformula is either “constantly true” or “never true” on
an interval. The technique of .δ-stable partition [20] avoids this ambiguity via 
introducing the .δ-tightening of a STL formula with some .δ > 0 (Def. 4). 

Definition 2 (time sequence, time state sequence [20]). A time sequence
over .[0, T ] is a sequence .Γ = (0 = γ0 < · · · < γN = T ). The same construct is 
often denoted by .Γ = ([γi−1, γi])N

i=1, using the corresponding partition of . [0, T ]
into closed intervals with singular overlaps. We write .Γi for .[γi−1, γi]. 

Given a time sequence, a time state sequence over .V is a sequence . ς =
(x0, γ0), . . . , (xN , γN ) ,  whe  re .x0, . . . , xN in .R|V |. 

Definition 3 (piecewise-linear signal [20]). Given a timed state sequence
.ς = (x0, γ0), . . . , (xN , γN ) , the piecewise-linear signal .ςpwl : [0, γN ] → R

|V | is 
defined by the following linear interpolation: .ςpwl := (1−λ)xi−1 +λxi if . γi−1 ≤
t ≤ γi where λ = 1

γi−γi−1
(t − γi−1) . 

Definition 4 (.δ-tightening of STL formulas in NNF [20]). Le t . ϕ be an 
STL formula in NNF whose atomic propositions are linea r predicates of the form
.(c x+b ≥ 0). Given .δ > 0, the .δ-tightening .ϕδ is obtained from . ϕ by i) replacing 
every occurrence of .(c x + b ≥ 0) with .(c x + b ≥ δ), and ii) replacing every 
occurrence of .¬(c x + b ≥ 0) with .(−c x − b ≥ δ). All Boolean connectives and 
temporal connectives (with the time intervals therein) are left unchanged.

Note that .ϕδ is stronger than . ϕ, i.e., . σ ϕδ ⇒ σ ϕ for all signals . σ. 
Using this notion, a .δ-stable partition defined below classifies each subformula 
on each closed interval as either i) always true, or ii) never robustly true.

Definition 5 (.δ-stability [20]). Le t .ϕ be an STL formula over .V in NNF, 
.σ ∈ SignalTV be a signal, and .Γ = (γ0, . . . , γN ) be a time sequence (Def. 2)  wi  th
.γN = T .  We  say . Γ is .δ-stable for . σ and . ϕ if, for each .i = 1, . . . , N and each 
subformula .ψ ∈ Sub(ϕ), either of the following holds: i) .σt ψ for each .t ∈ Γi, 
or ii) .σt ψδ for each .t ∈ Γi.
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Finding a .δ-stable partition . Γ for a signal . σ and formu la . ϕ, so that . σt ϕ
holds f or .t ∈ Γ1, is a sufficient method to prove .σ ϕ. Recall that . Γ1 = [γ0, γ1]
with .γ0 = 0 (see Def. 2). As shown in [20], this search can be enco ded as an
MILP when . σ is piecewise-linear (Def. 3). 

Definition 6 (conservative valuation [20]). Le t . ϕ be an STL formula i n
NNF, and .Γ = (γ0, . . . , γN ) be a time sequence. A valuation of .ϕ in .Γ is a 
function .Θ: Sub(ϕ) × {1, . . . , N} → B that assigns, to each subformula and 
index of the intervals of . Γ, a Boolean truth value. Let . σ be a signal with a time
horizon .T = γN . We say that .Θ is a conservative valuation of .ϕ in . Γ on . σ
(up t o . δ)  if i) .Θ(ψ, i) = implies that, for each .t ∈ Γi, .σt ψ holds; and ii)
.Θ(ψ, i) = ⊥ implies, for each .t ∈ Γi, .σt ψδ. 

Lemma 1 ( [20]). Suppose there is a conservative valuation .Θ of an STL f or-
mula . ϕ in a time sequence . Γ on . σ up to . δ.  Then . Γ is .δ-stable for . σ and . ϕ. 

We simply write . ψ i for .Θ(ψ, i) when .Θ is clear from context. The MILP 
problem therefore searches for i) a partition .Γ = ([γi−1, γi])N

i=1 (see Def. 2), and 
ii) a conservative valuation .Θ (see Def. 6), such that:

– the truth values assigned to subformulas comply with the STL semantics
(Sect. 2.1), e.g., for a subformula .(ψ1 ∧ ψ2) ∈ Sub(ϕ) and .i ∈ {1, . . . , N}, 
. ψ1 ∧ ψ2 i = ψ1 i ψ2 i; 

– .Θ assigns . to the top-level formula . ϕ in . Γ1;  a  nd
– there is a piecewise-linear trace .σ ∈ L(M) of .M that yields . Θ. 

The entities .Γ,Θ we search for are expressed as MILP variables, and the above 
three conditions are expressed as MILP constraints. The variables can be clas-
sified into four types, where .N ∈ N is a constant for variabilit y bound (Prob.
1). 

– Real-valued variables .γ0, . . . , γN specifying the time sequence . Γ. 
– Boolean variables . ψ i | 1 ≤ i ≤ N,ψ ∈ Sub(ϕ)} for the value .Θ(ψ, i) of a 

valuation .Θ that we searc h for.
– Real-valued variables .{xi,v | 0 ≤ i ≤ N, v ∈ V } for the values of a p iecewise-

linear trace .σ ∈ L(M). 
– Auxiliary variables (real or binary) used to encode big-.M constraints—a com-

mon technique in LP—and t he temporal/satisfaction encodings.

We omit the MILP details here; see [20] for the full encoding.

4 Diversity-Aware Synthesis 

This section presents methods to synthesize mutually diverse traces. Although 
modern MILP solvers such as Gurobi [10] can return multiple solutions from the 
solution pool of a single instance, those solutions are typically very similar (see
Sect. 6 for an empirical demonstration).
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To overcome this limitation, we propose three diversity measures that quan-
tify how “different” one trace is from another. Each measure is encoded as an 
MILP objective to promote diverse solutions. We do not claim that the three 
methods presented here are the only possible approaches. However, given the
practical need to generate diverse example traces, it is important to provide
methods that work.

4.1 Boolean Distance Metho d (BD)

As flipping the truth value of a subformula may induce substantial changes in the 
underlying signal variables, an initial attempt to diversify traces is to bias the 
truth valuations of s ubformulas in each trace. We quantify the resulting diversity
using a Boolean distance between traces.

Definition 7 (Boolean distance). Let .σ1, σ2 be two traces found by an MILP
solver that i) have .N -HBV (see Prob. 1) and ii) satisfy the same STL formula
. ϕ. 

Let .Γσ1 (resp. .Γσ2) be the .δ-stable partition for .σ1 (resp. . σ2)  and . ϕ.  L  et . ψ
σj

i

denote the Boolean valuation of .ψ ∈ Sub(ϕ) over the interval .Γσj

i of the p artition
.Γσj ,  whe  re .i ∈ {1, . . . , N} and .j ∈ {1, 2}.  The  Boolean distance between .σ1 and 
.σ2 is 

. dB(σ1, σ2) :=
N

i=1 ψ∈Sub(ϕ)

ψ
σ1
i ψ

σ2
i |. (2) 

By construction, .dB(σ1, σ2) is equal to the number of pairs .(i, ψ) on which 
the two traces assign different truth values. Hence, a larger Boolean distance 
indicates greater div ersity, in the sense of satisfaction of subformulas.

Remark 1. In Eq. (2), if the Boolean value of . ψ
σ1
i is fixed for . i ∈ {1, . . . , N}

(which is the case in our usage), the absolute v alue can be rewritten as

. ψ
σ1
i ψ

σ2
i | =

ψ
σ2
i if ψ

σ1
i = 0,

1 ψ
σ2
i if ψ

σ1
i = 1,

or equivalently, ψ
σ1
i ψ

σ2
i | = (1 − 2 ψ

σ1
i ) ψ

σ2
i + ψ

σ1
i .

Note that the last expression is affine in . ψ
σ2
i (. ψ

σ1
i is a constant). Applying 

this rule to Eq. (2), we obtain an affine expression over variables . ψ
σ2
i . 

Given a fixed variability bound .N ∈ N, we incorporate the Boolean dis-
tance of traces into the MILP objective while keeping the original constraints
from Sect. 3 unchanged. This MILP problem is then solv ed iteratively, for
.m = 1, 2, . . . , to synthesize a trace .σm that is maximally distinct (in terms 
of Boolean distance) from the previously synthesized traces .σ1, . . . , σm−1.  The  
objective in each iteration is defined as follows.
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– Initialization (.m = 1). Maximize .f1 := 0. 
– Iteration (.m > 1). Let .σm denote the trace to be synthesized at the current 

iteration (this gives decision variables). Given the previously obtained traces
.{σi}m−1

i=1 (which are constants in MILP), maximize

.fm :=
m−1

i=1

dB (σm, σi) . (3) 

By Remark 1, .fm is an affine function of the Boolean decision v ariables of
the trace .σm, with coefficients determined by the constants for .{σi}m−1

i=1 . 

Remark 2. The above diversification method is possible due to our use of MILP. 
A similar method in SMT is nontrivial. The key difference is that, in MILP , truth
values are encoded as integer variables and they can be summed up (as in Eq.
(3)), whereas in SMT they are propositional variables and cannot be summed. 
Counting the number of subformulas with different truth values across models 
would require techniques such as MaxSMT or model counting, which we leave
for future work.

4.2 Randomized Boolean Distance Metho d (RBD)

This subsection introduces a randomized variant of the Boolean distance. It 
promotes diversity by evaluating each candidate trace against an independently
sampled reference, thereby decoupling the current solution from all previous
ones.

Specifically, for a fixed variability bound . N , the valuation of all . ψ ∈ Sub(ϕ)
across the intervals .(Γi)N

i=1 form an .N |Sub(ϕ)|-dimensional Boolean vector. We 
sample a reference valuation .σref from the uniform distribution in .B

N |Sub(ϕ)| and 
solve an MILP problem that maximizes the Boolean distance between .σref and 
the candidate trace. Let . σ denote the candidate trace, the o bjective is

.. f := dB(σ, σref),

which yields a trace that is as far as possible, in Bo olean distance, from the
reference valuation. By Remark 1, . f is affine in the decision variables of trace . σ. 

Remark 3. The choice between maximization and minimization is immaterial:
for any reference valuation .σref ∈ B

N |Sub(ϕ)|, 

. dB (σ, σref) = N |Sub(ϕ)| − dB(σ, σ̄ref),

where .σ̄ref denotes the bitwise complement of .σref . Hence, maximizing d istance
from .σref is equivalent to minimizing distance to .σ̄ref . 

The following proposition provides a quantitative guarantee that the proba-
bility of generating identical reference traces is small, which supports the diver-
sity of traces. The proof can be found in Appendix B of [11].
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Proposition 1. For a .δ-stable partition .Γ = (γ0, · · · , γN ) of the time horizon 
for  a  formula . ϕ,  let .d := N |Sub(ϕ)|.  Suppose .m ≥ 2 reference v aluations
.σ1

ref , . . . , σ
m
ref are drawn independently and uniformly from .B

d.  L  et . p denote the 
probability that at least two refere nces coincide. Then

. p = 1 − 2d!
(2d − m)! 2md ,

and the following upper b ound holds:

. p ≤ m(m − 1)
2d+1 .

4.3 Value Distance Method (VD)

Although the Boolean distance can serve as a metric for diversification, we also 
consider a more direct metric: the distance between the trace values. F or two
piecewise-linear traces that share the same time sequence, their value distance
is defined as follows.

Definition 8. Le t .ς1, ς2 be two time state sequences (Def. 2) with the same time 
sequence .Γ = (γ0, . . . , γN ).  L  et .V be a set of signal variables. For two pie cewise-
linear traces .σ1, σ2 : [γ0, γN ] → R

|V | generated from .ς1, ς2, respectively, their 
value distance is defined by

. dV(σ1, σ2) :=
N

i=0

σ1(γi) − σ2(γi) 1 =
N

i=0 v∈V

|σ1(γi)(v) − σ2(γi)(v)|.

Here . 1 denotes the . 1-norm on .R|V |. 

Essentially, the value distance is the cumulative distance between traces at
.(γi)N

i=0 of the time sequence . Γ. 

Remark 4. Note that, although the time partitions . Γ may vary across traces 
for BD and RBD (i.e.,.Γσi may differ from .Γσj ), they are fixed for VD. This is 
because allowing variable partitions in VD may reduce meaningful diversity: two 
identical signals could appear artificially distant if compared at different time
instants.

The diversified trace synthesis procedure is iterative: at each step it maxi-
mizes the value distance between the candidate trace and all previously gen-
erated traces, subject to the constraint that all traces share the same time
sequences. Let .σm denote the piecewise-linear signal produced at iteration . m, 
and l et .(γ(m)

0 , . . . , γ
(m)
N ) be the corresponding .δ-stable partition at iteration . m. 

The iterative synthesis procedure is as follows.

– Initialization (.m = 1). Solve the original MILP problem with objective
.f1 := 0.
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– Iteration (.m > 1). Let . C denote the original MILP constraints from Sect. 3. 
Solve the follo wing MILP:

.maximize
m−1

k=1

N

i=0 v∈V

Zk,i,v, (4) 

subject to (C), 

γi = γ (m−1) 
i 0 ≤ i ≤ N, 

Zk,i,v = abs(Yk,i,v) 1  ≤ k ≤ m − 1, 0 ≤ i ≤ N, v ∈ V, 
Yk,i ,v = xi,v − σk(γi)(v) 1 ≤ k ≤ m − 1, 0 ≤ i ≤ N, v ∈ V.

Here, .xi,v is the MILP decision variable representing the value o f signal vari-
able .v ∈ V on the interv al .[γi−1, γi]. 

At iteration .m > 1, to i) ensure that synthesized traces share the same .δ-
stable partition, and ii) simplify the encoding of absolute values in the objective,
we augment . C with the constraints above. The relations .Zk,i,v = abs(Yk,i,v) are 
implemented by standard MILP linearization (introducing auxiliary variables 
and linear inequalities), s o the resulting problem remains an MILP.

Remark 5. Due to the use of absolute-value terms in the constraints, the MILP 
complexity increases with each iteration. Specifically, at iteration . m, new va ri-
ables .Ym,i,v and .Zm,i,v are introduced for every .i = 0, . . . , N and .v ∈ V , a dding
.2(N +1)|V | variables per iteration. Consequently, the overall complexity of gen-
erating .m solutions grows faster than linearly with respect to the size of the
individual MILP problem.

Nevertheless, the value distance method is substantially faster than the two 
Boolean distance approaches when synthesizing a small number of traces. The 
value distance objective sums over s ignal variables, whereas the Boolean dis-
tance objective sums over subformulas. Since .|V | is typically much smaller than
.|Sub(ϕ)| for realistic STL formulas, the value distance objective contains far 
fewer terms and is therefore cheaper to optimize. See Sect. 6 for experimental 
results.

5 Demonstration of STLts-Div 

STLts-Div is a Python package for MILP-based diversified trace synthesis from 
STL. It can be installed by i) ensuring a working Gurobi installation, and ii) run-
ning pip install stltspref. We use the n ame stltspref for the pip package
to accommodate future extensions incorporating preference-based trace synthe-
sis methods.

The procedure to run STLts-Div is shown in Fig. 1. The user must provide 
the following input.
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Fig. 1. Workflow for MILP-based trace s ynthesis using STLts-Div.

– A system model. STLts-Div supports models such as double-integrator 
dynamics and rectangular hybrid automata (RHA) (cf. [20] for details); see
Fig. 1a. 

– An STL formula (encoded in a DSL style); see Fig. 1c; 
– A diversification method: SP (Gurobi solution pool [10]), BD (Boolean dis-

tance; Sect. 4.1), RBD (randomized Boolean distance; Sec. 4.2), or VD (v alue
difference; Sect. 4.3); see Fig. 1d; 

– The desired number of traces to synthesize (a positive integer); see Fig. 1d. 

6 Experimental Analysis 

In this section, we evaluate our tool across different benchmarks and STL speci-
fications to assess the efficiency and effectiveness of each diversification method. 
As a baseline, we also include the standard approach that extracts traces directly
from the solution pool of Gurobi.
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6.1 Experiment Setting 

Benchmarks. To evaluate the efficiency of our diversification tool, we used 
benchmarks from four categories: Danger-then-Stop (DSTOP), Rear-End Near 
Collision (RNC), Navigation (NAV), and Disturbance Scenarios in ISO 34502 
(ISO). Each category shares the same system model but includes several distinct
STL specifications, resulting in a total of 13 benchmarks.

Danger then stop (DSTOP) Consider two cars in a single lane, where the rear car
.Carr repeatedly approaches the front car .Carf too closely, creating a potentially 
dangerous situation. Eventually, one of the cars comes to a stop. The system
dynamics are given by .ẋr = vr, .v̇r = ar, .ẋf = vf , .v̇f = af , with .ar, af ∈ [−3, 3]. 
The STL specification .DSTOP is defined as follows:

. 
lead :≡ xf − xr ≥ 0, close :≡ xf − xr ≤ 10, far :≡ xf − xr ≥ 40,
DSTOP :≡ ( lead) ∧ ( [0,2] far) ∧ (♦[0,10] close) U[10,15] (vf ≤ 0 ∨ vr ≤ 0) .

Rear-End Near Collision (RNC1–3) The system model for RNC1–3 is identical 
to that of DSTOP. These b enchmarks describe driving scenarios in which the
rear car .Carr approaches the front car .Carf too closely. The corresponding STL
specifications, .RNC1, .RNC2,  and .RNC3, are defined as follows:

. 

danger :≡ xf − xr ≤ 10,
dyn inv :≡ xf − xr ≥ 0 ∧ 2 ≤ vf ≤ 27 ∧ 2 ≤ vr ≤ 27,

trimming :≡ (♦ danger) ⇒ ( [0,0.2] ar ≥ 0.5) U danger ,
trimming2 :≡ (♦danger) ⇒ ( [0,1]ar ≥ 1) U danger ,

RNC1 :≡ (dyn inv ∧ trimming) ∧ ♦[0,9] [0,1] danger,
RNC2 :≡ (xf − xr ≥ 0) ∧

♦[0,9] ( [0,1]danger) ∧ ( [0,1]ar ≥ 1) ∧ (♦[1,5]¬danger) ,
RNC3 :≡ (dyn inv ∧ trimming2) ∧ ♦[0,9] [0,1]danger.

Fig. 2. The NAV1–2 RHA
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Navigation (NAV1–2) The system model for NAV1–2 is adapted from [7], a 
standard example of a rectangular hybrid automaton (RHA) widely used in prior
work (e.g., [4,20]). The model describes the motion of a robot on a grid consisting
of four rectangular regions . 1 4. Each region has its o wn dynamics (see Fig.
2). The environment includes an unsafe region .unsafeR (red) and a goal region
.goalR (green). The robot starts from an initial position .(x0, y0) where . x0 ∈ [0, 3]
and .y0 = 0 (blue line). The STL specifications are . NAV1 :≡ ♦( [0,3]((x, y) ∈
goalR)) ∧ (x unsafeR)
and .NAV2 ≡ ((x, y) ∈ 3 ⇒ ♦[0,3](x, y) ∈ 4). Here, .NAV1 specifies a reach-avoid 
property, while .NAV2 requires that whenever the robot enters region . 3, it must 
reach region . 4 within three seconds.

Disturbance Scenarios in ISO 34502 (ISO1, ISO3, .. . . ,  ISO8)  ISO 34502 is 
an international standard for testing autonomous vehicles. The system model
is similar to that of RNC1–3, and the specifications .ISO1, ISO3, . . . , ISO8 are 
obtained in [19]. ISO2 is omitted because it involves three vehicles. Each spec
.ISOi follows the general structure defined in [19]: 

. 
ISOi :≡ initSafe ∧ disturbi, 

disturbi :≡ initialConditioni ∧ behaviourSVi ∧ behaviourPOVi,

where SV denotes the subject (“ego”) vehicle and POV the principal other vehi-
cle. The subformulas .initialConditioni, .behaviourSVi,  and . behaviourPOVi

vary across scenarios (indexed by . i). Their detailed definitions are beyond the 
scope of this paper; please refer to [19] for full descriptions.

Experiment design. We evaluate four diversification strategies implemented in 
our tool—SP (solution pool), BD (Boolean distance), RBD (randomized Boolean 
distance), and VD (v alue distance)—for synthesizing diverse traces. For each
benchmark and each method, we generate . 8 traces. We set the variabilit y bound
as .10 uniformly for each benchmark. While measuring diversity via coverage 
metrics over the space of all possible traces would provide a comprehensive 
quantification of diversity, the infinite nature of the trace space (since signals 
evolve in continuous time) makes such an approach computationally intractable.
Investigating tractable approximations is left for future work. Instead, we quan-
tify diversity using the aggregate pairwise Euclidean distance (APED) over time,
a common choice in the literature [5]: 

. DE :=
i<j

T

0

σi(t) − σj(t) 2
dt,

where . i and . j index the traces (.i, j ∈ {1, . . . , 8} in our experiments) and .T is 
the time horizon. The synthesized traces are resampled over .[0, T ] with a time 
step of .0.02, and the integral is computed numerically in Python.

Our experiments were conducted on an Amazon EC2 c5.2xlarge instance 
(3.00 GHz Intel Xeon Platinum 8275CL, 16 GB RAM) running Ubuntu Server
20.04 LTS.
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6.2 Evaluation 

We evaluate our tool along from effe ctiveness and efficiency.

Effectiveness. Table 1a reports APED for each method and benchmark under 
a 6-minute per-trace timeout; a dash “—” indicates that no feasible trace was 
found within the timeout. Across benchmarks, our diversification methods (BD, 
RBD, VD) consistently achieve substantially higher diversity than the baseline
(SP)—typically about an order of magnitude larger APED.

Occasionally the baseline attains .APED > 0, reflecting that some specifi-
cations are relatively permissive for the given system mo del: multiple distinct
MILP assignments can satisfy . ϕ while respecting the dynamics, yielding non-
identical traces. The DSTOP, ISO5,  a  nd ISO8 exhibit this behaviour.

Efficiency. Table 1a reports the total time required to generate the full set of 
traces. For NAV1 and NAV2 no feasible trace was found within our setting; this
matches [20], which reports that NAV1 and NAV2 becomes solvable only with a 
much larger variability bound (e.g. .N = 17 for NAV1, versus our uniform bound
N=10).

Because our diversification is posed as an optimization problem, a solver time-
out does not necessarily imply infeasibility—it may simply return a suboptimal 
or low-quality solution. To assess sensitivity to the time budget, we r epeated the
experiments with a reduced per-trace timeout of 60 seconds; results appear in
Table 1b. 

Fig. 3. Round time of DSTOP, RNC1, RNC2, RNC3.

For relatively simple benchmarks (e.g., DSTOP, RNC1, RNC2), reducing the 
timeout has little effect on diversity for any method. In particular, RBD requires
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Table 1. Aggregated pairwise Euclidean distance under t wo timeout settings.

(a) Timeout per trace: 360 s. 
Benchmarks SP BD RBD VD 

DSTOP ∼ 129k (4.62 s) ∼ 1.6M (200 s) ∼ 934k (1178 s) ∼ 3M (107 s) 
RNC1 0(3.11 s) ∼ 1.3M (2207 s) ∼ 1.5M (1881 s) ∼ 1.6M (44.0  s)  
RNC2 0(5.87 s) ∼ 2.8M (2523 s) ∼ 2.2M (1867 s) ∼ 4.8M (25.4  s)  
RNC3 0(3.13 s) ∼ 1.7M (1473 s) ∼ 1.3M (158 s) ∼ 1.5M (53.0  s)  
NAV1 — — — —  
NAV2 — — — —  
ISO1 ∼ 18 (95.9  s) ∼ 466k (2529 s) ∼ 403k (2882 s) ∼ 1.5M (2529 s) 
ISO3 ∼ 153 (63.8  s) ∼ 701k (2527 s) ∼ 71k (2882 s) ∼ 792k (2528 s) 
ISO4 ∼ 772 (29.6  s) ∼ 633k (2526 s) ∼ 174k (2881 s) ∼ 598k (2526 s) 
ISO5 ∼ 34k (266 s) ∼ 1M (2561 s) ∼ 32k (2882 s) ∼ 1.7M (2361 s) 
ISO6 ∼ 122 (19.1  s) ∼ 413k (2529 s) — ∼ 1.6M (1653 s) 
ISO7 — ∼ 230k (2556 s) — ∼ 911k (2555 s) 
ISO8 ∼ 1.2k (66.8  s) ∼ 447k (2527 s) ∼ 291k (2882 s) ∼ 896k (2444 s) 

(b) Timeout per trace: 60 s. 

Benchmarks SP BD RBD VD 

DSTOP ∼ 130k (4.33 s) ∼ 1.6M (157 s) ∼ 1M (237 s) ∼ 3M (102 s) 
RNC1 0(3. 03 s) ∼ 1.3M (405 s) ∼ 1.4M (401 s) ∼ 1.6M (42 s) 
RNC2 0(5.52 s) ∼ 2.4M (423 s) ∼ 2.3M (477 s) ∼ 4.8M (24.4  s)  
RNC3 0(3.05 s) ∼ 1.7M (365 s) ∼ 1.2M (395 s) ∼ 1.6M (50.6  s)  
NAV1 — — — —  
NAV2 — — — —  
ISO1 — ∼ 79k (429 s) — ∼ 1.4M (429 s) 
ISO3 — 0(428 s) — ∼ 133k (426 s) 
ISO4 ∼ 772 (32.1  s) ∼ 177k (426 s) — ∼256k (425 s)

ISO5 — 0(464 s) — ∼1.5M (464 s)

ISO6 ∼122 (21.2 s) 0(429 s) — ∼1.6M (389 s)

ISO7 — 0(457 s) — ∼271k (458 s)

ISO8 — ∼88k (427 s) 0(480 s) ∼431k (426 s)

Entries show APED; parentheses give the total time to produce 8 traces (in seconds); 
‘—’ indicates that no f easible traces were produced within the timeout; n umbers use
suffixes .k =  103 and .M =  1  06;

significantly less time while producing nearly the same APED. This suggests 
that, with a larger time budget (i.e., 360s per trace), the optimization process 
may spend most of its time attempting to approach the optimal solution without 
reaching it before the timeout. In practice, however, a near-optimal solution
already provides sufficient diversity, which explains the similar APED values
observed under both timeout settings.
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By contrast, on more challenging benchmarks (e.g., ISO1, ISO8, ISO4), per-
formance diverges: RBD often fails to produce feasible traces, a nd BD frequently 
returns only trivial repeats after the first iteration (.APED = 0). VD is the most 
robust under tight time limits: it continues to produce non trivial, diverse traces 
even with the shorter timeout.

To study how per-iteration runtime (i.e., the time to synthesize one trace) 
evolves with the iteration index, we record the runtime at each iteration for 
DSTOP, RNC1, RNC2,  and  RNC3 and plot the results in Fig. 3.  For  VD,  the  per-
iteration time increases steadily, consistent with our analysis in Sect. 4.3 that 
each round enlarges the MILP problem (additional auxiliary variables). In con-
trast, BD and RBD show fluctuating runtimes with no clear trend: BD changes 
the coefficients of the accumulated objective each r ound, and RBD re-samples the
reference, both of which alter the search landscape and lead to non-monotonic
solver times.

Table 2. Comparison of diversification metho ds

Criteria SP BD RBD VD 

Total runtime 1–100 Varying with 
timeout setting 

Varying with 
timeout setting 

Varying with 
timeout setting 

Stable 
per-trace time

- Varying 
across 
iterations 

Varying 
across 
iterations 

Time 
increase per 
iteration 

Diversity 

Compatibility 
with other tools 

Support all 
MILP-based 
formulations 

Compatible 
only with full 
Boolean-
variable 
formulations 

Compatible 
only with full 
Boolean-
variabl e 
formulations 

Limited 
compatibility 

Deterministic ✓ ✓ ✗ ✓  

= good; = moderate; = poor; - = not applicable.

Summary. Table 2 contrasts the three diversification strategies. Achieving 
diversity incurs extra runtime for all of them. The ideas behind BD and RBD 
are broadly portable: for problems with only Boolean decision variables, adding 
(possibly randomized) Boolean distance terms can produce multiple diverse solu-
tions. By contrast, V D depends on continuous state variables and absolute-value 
linearization, which enlarges the MILP problem and mak es the approach less
directly compatible with other tools or settings.

7 Conclusion 

We introduced diversification into MILP-based STL trace synthesis. We for-
mulated several complementary objectives—e.g., Boolean distance, randomized 
Boolean distance, and value distance—that promote dissimilarit y by maximizing 
an appropriate distance between the candidate trace and previously generated
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ones. We implemented these objectives in STLts-Div and evaluated effective-
ness and efficiency on a suite of benchmarks, showing clear improvements over 
a solution-po ol b aseline. 

A complete MILP encoding of robust semantics remains open. Such an encod-
ing could enable richer preference objectives and stronger guarantees, including 
true corner-case synthesis (robustness exactly 0) and additional forms o f prefer-
ential syn thesis.
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